Abstract. We study Cohen-Macaulay non-Gorenstein local rings (R, m, k) admitting certain totally reflexive modules. We describe the Bass series of R, which especially shows that it is rational. We also give a description of the Poincaré series of k by using the Poincaré series of the totally reflexive module. Our results generalize Yoshino's theorem to higher-dimensional Cohen-Macaulay local rings. Moreover, from a quasi-Gorenstein ideal satisfying some conditions, we construct a family of non-isomorphic indecomposable totally reflexive modules having arbitrarily large minimal number of generators.
Introduction
In the 1960s, Auslander and Bridger [2, 3] have introduced the notion of Gorenstein dimension, G-dimension for short, for finitely generated modules as a generalization of projective dimension. Over Gorenstein rings, every finitely generated module has finite Gdimension, similarly to the fact that over regular rings every module has finite projective dimension, and the class of maximal Cohen-Macaulay modules coincides with the class of modules with G-dimension zero, which are called totally reflexive modules. Over many kinds of non-Gorenstein rings, there exist modules of finite G-dimension and infinite projective dimension, which is equivalent to the existence of non-free totally reflexive modules. The existence of such modules should give decisive information on the structure of the ring. Indeed, Yoshino [31, Theorem 3 .1] proves the following remarkable result for Artinian short local rings. Theorem 1.1 (Yoshino) . Let (R, m, k) be an Artinian non-Gorenstein local ring of type r such that m 3 = 0 = m 2 . Assume that there exists a non-free totally reflexive R-module M. Then the following statements hold.
(1) The ring R has the structure of a Koszul algebra. One has the Poincaré series P R k (t) = 1 (1−t) (1−rt) , the Bass series I R R (t) = r−t 1−rt and the Hilbert series H R (t) = (1 + t)(1 + rt). Here, ν R (M) stands for the minimal number of generators of M.
In celebration of Yoshino's theorem, Golod and Pogudin [20] call a ring satisfying the assumption of the theorem, a Yoshino algebra. It turns out that over Yoshino algebras, every totally reflexive module has complexity less than or equal to one.
Later, Gerko [18] shows that an Artinian non-Gorenstein local ring (R, m) of type r admitting a non-free totally reflexive module M with m 2 M = 0 has the Bass serries I R R (t) = r−t 1−rt . Notice that over a Yoshino algebra (R, m) any non-free indecomposable totally reflexive module M satisfies m 2 M = 0. This naturally leads us to the following question. In this paper we answer the above question, including even the higher-dimensional case. More explicitly, our main result is the following. (
Here, G-dim and CI * -dim denote G-dimension and lower CI-dimension, respectively. Levin [23] introduces the notion of large local homomorphisms: a surjective homomorphism f : R → S of local rings is called large if the induced map f * : Tor Our second aim in this paper is to give a construction of infinitely many non-isomorphic indecomposable totally reflexive modules from given ideals of arbitrary local rings. Construction of indecomposable totally reflexive modules with specific properties is widely investigated recently; see [1, 11, 14, 20, 22, 28] . Here, all the references except [20] use exact pairs of zero-divisors for their construction. There exist non-Gorenstein rings that do not admit an exact pair of zero-divisors but admit a non-free totally reflexive module; see for example [14, Propositions 9.1 and 9.2]. Our construction uses quasi-Gorenstein ideals, which are the generalization of ideals generated by exact zero-divisors, and recover the results of [11, 28] . 
such that the modules M u are pairwise nonisomorphic indecomposable R-modules with ν R (M u ) = n + 1. In particular, if k is infinite, then there exist infinitely many such modules M u .
Preliminaries
Throughout R is a commutative Noetherian local ring with the maximal ideal m. For an R-module M denote β R n (M) (µ n R (M)) the n-th Betti number (n-th Bass number ) of M. The Poincaré series (Bass series) of M over R is defined by
The complexity of M over R is defined by
We denote (−) * = Hom R (−, R) the dual functor. 
Recall that the infimum positive integer n for which there exists an exact sequence
Remark 2.3. Let I be a quasi-Gorenstein ideal. Then the following hold.
(1) The ideal I is a G-perfect ideal in the sense of Golod [19] , that is, G-dim R (R/I) = grade I. In particular, Ω grade I (R/I) is a totally reflexive R-module. We recall the definition of a quasi-complete intersection ideal from [6] . Definition 2.4. Let I be an ideal of a local ring R. Set R = R/I and let K be the Koszul complex with respect to a minimal generating set of I. Then I is said to be quasi-complete intersection if H 1 (K) is free R-module, and the natural homomorphism We close this section by the following lemma, which is used in the next section.
Lemma 2.8. Let I be an ideal of R. If I ∩ (0 : R I) = 0, then for every finitely generated R/I-module N, Hom R (N, R/(0 : R I)) = 0.
Proof. Take a surjection (R/I) n → N, which induces an injection Hom R (N, R/(0 :
Construction
In the followings, we generalize results of [11] and [28] . Both of [11] and [28] use exact pair zero-divisors to construct infinitely many totally reflexive modules. Our ingredients for construction of such modules are quasi-Gorenstein ideals which is more general case of exact zero-divisors. Actually, we show that the similar techniques used in [11] work very well for recovering the results of both [11] and [28] .
Lemma 3.1. Let I be an ideal of R. Assume one of the following hold:
quasi-Gorenstein and R/I is a G-regular ring. Then every exact sequence
with n ≥ 0, as an R-complex, has a direct summand isomorphic to an exact sequence
Proof. Set J = (0 : R I). The assertion clearly holds if J = 0, so let us assume J = 0. Hence grade R (I) = 0. Assume M is decomposable and write M ∼ = X ⊕Y for some nonzero
−−→ R/J → 0 with n ≥ 1. We make an argument similar to [11, Proposition 3.1] . We may assume that f is surjective. Set Z = Ker f . We see that Y, Z are free R/I-modules; for (1) we have Hom R (Y, R/J) = 0 by Lemma 2.8, which implies g = 0, and
r for some 0 < r ≤ n, and we have an exact sequence 0 → (R/I) n−r → X → R/J → 0, where Z ∼ = (R/I) n−r . Iterating this procedure, we get the desired exact sequence.
Fix an ideal I = (x 1 , . . . x r ) and an element y ∈ R. Then for elements a 1 , . . . , a n ∈ R let T (x, y, a) be an (n + 1) × (nr + 1) matrix
. . x r ), y and a 1 , . . . , a n be as above. Then for an R-module M the followings are equivalent.
(2) There exists an exact sequence R nr+1 T (x,y,a)
. . , a n ∈ (I : R (0 : R y)).
Proof. See [11, Lemma 3.2 and 3.3].
For a finitely generated R-module M, we denote by ν R (M) its minimal number of generators. 
of exact sequences of R-modules such that each M u is indecomposable and that if
Proof. Similarly shown as in the proof of [11, Theorems 3.6 and 3.8], using Lemmas 3.2 and 3.1. Note that for (a), we have (0 : R I) ∼ = Hom R (R/I, R) ∼ = R/I. Let x ∈ (0 : R I) be the image of 1 ∈ R/I by this composition. Then R/I ∼ = (0 :
, and this composition coincides with the identity map of R/I. Hence I = (0 : R x).
Before stating our next results, we make a remark. (2) For an element x of R one has (x) = (0 : R (0 : R x)) if and only if Ext
Dualizing this by R gives an exact sequence
Proof of Theorem 1.5. The theorem follows from Remark 3.6(1), Proposition 3.5 and a similar argument as in the proof of [11, Corollary 3.9] . Note that ν R (M u ) = n + 1 follows from Lemma 3.2(2).
Corollary 3.7. Let R be a reduced Cohen-Macaulay local ring with dim R ≥ 3. Suppose that there is an element 0 = x ∈ m such that Ext
Then for all n ≥ 1 there exists a family of exact sequences
Proof. Set I = (0 : R x). Since Ext 1 R (R/(x), R) = 0, by Remark 3.6(2) one has Hom R (R/I, R) ∼ = R/I, which especially says grade R (I) = 0. As R is reduced, I ∩ (0 : R I) = 0. We have
Since R is Cohen-Macaulay and grade R (I) = 0, we have ht R I = 0. Hence dim R/(I + (x)) ≥ 2. Remark 3.6(2) and Theorem 1.5 yield the assertion. Proof. Since (f 1 , . . . , f r ) and I both are ideals of same grade r, grade IR = 0. Since (f 1 , . . . , f r ) and I both are complete intersection and (f 1 , . . . , f r ) ⊂ I, I/(f 1 , . . . , f r ) is a quasi-complete intersection ideal of R; see [6, 8.9] . Therefore by 2.5, IR is a quasiGorenstein ideal of R.
Corollary 3.9. Let (Q, n, k) be a G-regular local ring, and let x 1 , . . . , x r ∈ n \ n 2 be a regular sequence. Assume dim Q ≥ r + 2. Then for any choice of a regular sequence f 1 , . . . , f r ∈ (x 1 , . . . , x r ) 2 and for any integer n ≥ 1, there exists a family {M n,u } u∈k of pairwise non-isomorphic indecomposable totally reflexive R = Q/(f 1 , . . . , f r )-modules such that ν R (M n,u ) = n + 1 and cx R (M n,u ) ≤ r.
Proof. Set I = (x 1 , . . . , x r )R. It follows from Lemma 3.8 that I is a quasi-Gorenstein ideal of R with grade I = 0. Also, by [29, Proposition 4.6] , R/I ∼ = Q/(x 1 , . . . , x r ) is a G-regular ring. Note that since f 1 , . . . , f r ∈ (x 1 , . . . , x r ) 2 , one has (0 : R I) ⊂ I. Therefore dim R/(I + (0 : R I)) = dim R/I ≥ 2. Now the first part follows from Theorem 1.5.
For the last part, consider the exact sequence 0
(1−t) r ; see [6, Theorem 6.2] . This implies that cx R (R/I) ≤ r.
Totally reflexive modules with finite complexity
Before giving the proofs of our main results, we recall the definition of lower complete intersection dimension.
Definition 4.1.
[17] Let R be a ring and let M be an R-module. The lower CI-dimension CI * -dim R (M) is defined to be the minimum integer n ≥ 0 such that there exist an exact sequence
where G i is totally reflexive and cx R (G i ) < ∞, for all i = 0, . . . , n.
Lower CI-dimension has been introduced by Gerko [17] as PCI-dimension, and renamed by Veliche [30] . There is an inequality G-dim
There are many examples of modules with finite G-dimension and infinite lower CI-dimension; a typical example is the residue field of a Gorenstein local ring which is not a complete intersection. For other examples, see [30, Main Theorem] .
For an R-module M, we denote ℓ(M) the length of M. 
* to the above exact sequence, we get 
. Now we show the second equality in the assertion. Set ν R (M) = n. Replacing R with its completion, we may assume that R admits the canonical module ω. As q is generated by a regular sequence, G-dim R (M/qM) < ∞. Hence we get Tor 
see [13, Theorem (A.7.6) ]. Since M is maximal Cohen-Macaulay and q is generated by an R-sequence of length d,
We have
which especially says s = r 2 − 1. The result now follows. (2) Let N be an R-module with G-dim R N < ∞. Replacing N with a high enough syzygy, we may assume that N is totally reflexive. The same argument as in part (1) shows that Let R be a d-dimensional Cohen-Macaulay local ring. Let C be a semidualizing Rmodule of type r = 1. Let M be a nonzero totally C-reflexive R-module with m 2 M ⊆ qM for some parameter ideal q of R. Then
By [4, Corollary 4.1.9], there exists an integer
In particular, cx R N ≤ cx R M for all R-modules N of finite G C -dimension.
The following result gives a sufficient condition for the assumption m 2 M ⊆ qM used in Theorem 1.3, which no longer involves a parameter ideal q. Proof. Since k is an infinite field, one can choose a reduction q of m which is a parameter ideal of R; see [8, Corollary 4.6.10] . Consider the chain
In fact, as q is generated by a regular sequence on R and M, its Koszul complex on M makes an exact sequence
where A is a d × 2 matrix with entries in q. Tensoring with k the induced exact sequence 
Equality (4.3.1) nothing but says that the right-hand side is zero, which implies
Recall that a Cohen-Macaulay local ring R is said to have minimal multiplicity if (4. (1) and (2) that ℓ(m 2 /Im) = 0, and we obtain m 2 = Im.
Applying the above lemma, one can show the following proposition. Proof. Assume that R/m 2 has finite G-dimension. Choose a parameter ideal q of R contained in m 2 . Setting R = R/q and m = m/q, we have
by [13, (1.5.4) and (1.4.8)]. Using Lemma 4.5(3), we get m 2 = m 2 m. Nakayama's lemma implies m 2 = 0, whence m 2 = q. Since q is generated by an R-sequence, m 2 is a nonzero R-module of finite projective dimension. It follows from [24, Theorem 1.1] that R is regular, which contradicts the assumption that R is non-Gorenstein.
Remark 4.7. We should remark that a stronger result than Proposition 4.6 holds in general; let M be a finitely generated module over a local ring (R, m). If mM = 0, then the proof of [24, Theorem 1.1] shows that mM is a test module. Then [12, Theorem 4.4] implies that if R is not Gorenstein, then G-dim R mM = ∞. In particular, any non-zero power of the maximal ideal has infinite G-dimension.
However, we would like to give Proposition 4.6 because it would be interesting that it can be shown as an application of our result (Lemma 4.5), and because it is used to prove the following result and Theorem 1.4. 
, and by [4, Proposition 3.3.5(1)]
. This proves (1). For (2), let M be an R-module of finite Gdimension. Since taking syzygies preserves complexity, we may assume that M is totally reflexive. Then x is M-regular, and M := M/xM is a totally reflexive R-module. Using the induction hypothesis, we have cx More precisely, Koszul modules are those modules that have linear resolutions. The ring R is said to be Koszul if k is a Koszul R-module. For more details, see [16] and [21] . . As R → R/I is
; see [23, Theorem 1.1] . Thus the minimal graded free resolution of k over R is linear if and only if so does that of R/I over R.
Next, assume d ≥ 1. Then I strictly contains m 2 by Proposition 4.6, and there exists a regular element x ∈ I \ m 2 . Set R = R/(x) and I = I/(x). Then I is a quasi-Gorenstein ideal of R. Consider the sequence R → R → R/I of surjective local homomorphisms. By the induction hypothesis R → R/I is large. Since R → R is also large by [23, Theorem 2.2] , it follows that so is the composition R → R/I.
For part (2) , consider the flat extension R → S = R ⊗ k k, where k is the algebraic closure of k. Then S is a Cohen-Macaulay graded local ring of dimension d and type r with maximal ideal mS and infinite residue field k. The ideal IS is a graded quasiGorenstein ideal of S and one has (mS) 2 ⊆ IS. For a graded R-module M, the graded R-free resolution of M is linear if and only if the graded S-free resolution of M ⊗ R S is linear. Hence R is Koszul if and only if S is Koszul.
Therefore without loss of generality we may assume that k is infinite. Then one can choose a homogeneous regular element x ∈ I \ m 2 . Note that R is a graded ring, and since deg(x) = 1, one has P R R (s, t) = 1 + st. Hence P R k (s, t) = (1 + st)P R k (s, t). Therefore R is Koszul if and only if R is Koszul. Also, one has G-dim R (R/I) < ∞ and P R R/I (s, t) = (1 + st)P R R/I (s, t). Therefore R/I is Koszul over R if and only if it is Koszul over R. Now the assertions follows by the induction hypothesis.
Examples
Example 5.1. Let k be a field and let
.
Then the following hold.
(1) R is a local ring of dimension 3 and depth 1.
(2) The ideal I = (x, z) is a quasi-Gorenstein ideal of R with (0 : R I) = (y). (3) I ∩ (y) = 0, dim R/(I + (y)) = 2 and R/(I + (y)) is not G-regular. By Theorem 1.5, for each n ≥ 1 there exist a family {M n,λ } λ∈k of pairwise non-isomorphic indecomposable totally reflexive R-modules such that ν R (M n,λ ) = n + 1.
Proof. First note that S = k[[x, y, z, t]]/(xy, yz, zt, xt + yt + t 2 , x 2 + xz + xt) is a 1-dimensional Gorenstein ring and (0 : S (x, z)) = (y); see [9, Example 4.4] . Hence (x, z) is a Gorenstein ideal of S. Next, consider the flat extension S → R = S[[u, v, w]]/(u 2 , uv, uw). Then the extension I = (x, z)R of (x, z)S is a quasi-Gorenstein ideal of R. We have
, and in this ring (0 : A t) = tA. Hence A/tA is a nonfree totally reflexive A-module, and thus A is not G-regular. The other statements in the example are easy to verify.
In the above example, if we set
, then R is a CohenMacaulay ring satisfying (2) and (3).
Proof. Since c is generated by n−1 elements, grade c = ht c ≤ n−1. We have S/c+( i − x i−1 x i+1 | i = 1, . . . , n − 1)P is a complete intersection ideal of P by Lemma 5.2. Let p be the ideal of P generated by the 2 × 2 minors of the matrix ( x 0 ··· x n−1 x 1 ··· xn ). Clearly p contains c, and it is well known that p is a Cohen-Macaulay prime ideal of height n − 1; see [15, Theorem 6.4] . Hence as p is geometrically linked to (c : P p), the quotient A = P/(p + (c : p)) is a 1-dimensional Gorenstein ring; see [27] . 2 ) is a 1-dimensional Cohen-Macaulay local ring of type 2, and I = JR = (x 0 , . . . , x n )R is a quasi-Gorenstein ideal of grade 1 containing m 2 , where m = (x 0 , . . . , x n , y, z)R is the maximal ideal of R. We have ν(m) = n + 3 and ν(I) = n + 1, while the first coefficient of the formal power series is n! + 3. Hence the equality in Theorem 4.8(1) does not hold, which implies that I is not a quasi-complete intersection ideal of R. This also says that the quasi-complete intersection assumption in Theorem 4.8 is indispensable. (3) Let n = 3 and R = (P/c)[[y, z, w]]/(yz, zw, wy). Then R is a Cohen-Macaulay nonGorenstein local ring of dimension 3. One has q = (0 : R p) = (x 1 , x 2 )R. The ideal q is quasi-complete intersection; see Lemma 3.8. We have grade q = 0, p ∩ q = 0 and dim R/p + q = 2. Theorem 1.5(2) implies that for each integer s ≥ 1 there exist a family {M s,u } u∈k of pairwise nonisomorphic indecomposable totally reflexive Rmodules such that ν R (M s,u ) = s+1. Moreover, the ideal J = (x 0 , x 1 , x 2 , x 3 , y+z+w)R contains q and J/q is a complete-intersection ideal of R/q. Hence J is also a quasicomplete intersection ideal of R. As J contains m 2 , all totally reflexive R-modules have complexity at most 2 by Theorem 4.8 (2) .
In [29, Question 6.4 ], Takahashi asks whether, for a local ring R over which every totally reflexive module is periodic, there exist a G-regular local ring S and an S-regular element f such that R ∼ = S/(f ). As an application of our Theorem 4.8 we obtain the following example, which gives a negative answer to Takahashi's question. .
Then R is an Artinian local ring of type 3, and every totally reflexive R-module is periodic, but there is no G-regular local ring S such that R ∼ = S/(f ) for some S-regular element f .
Proof. By [6, Theorem 3.5], x, y is an exact pair of zero-divisors, and therefore (x) is a quasi-complete intersection ideal of R. One can easily check that m 2 ⊆ (x), where m = (w, x, y, z)R. Hence by Theorem 4.8, every totally reflexive R-module is periodic. If R ∼ = S/(f ) for some G-regular local ring S and S-regular element f , then one must have CI-dim R (R/(x)) < ∞; see [31, Theorem 4.2] . However, according to [6, Theorem 3.5], we have CI-dim R (R/(x)) = ∞.
